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Abstract
We investigate the Re´nyi entropy of the excited states produced by the current and its deriva-
tives in the two-dimensional free massless non-compact bosonic theory, which is a two-dimensional
conformal field theory. We also study the subsystem Schatten distance between these states. The
two-dimensional free massless non-compact bosonic theory is the continuum limit of the finite pe-
riodic gapless harmonic chains with the local interactions. We identify the excited states produced
by current and its derivatives in the massless bosonic theory as the single-particle excited states
in the gapless harmonic chain. We calculate analytically the second Re´nyi entropy and the second
Schatten distance in the massless bosonic theory. We then use the wave functions of the excited
states and calculate the second Re´nyi entropy and the second Schatten distance in the gapless limit
of the harmonic chain, which match perfectly with the analytical results in the massless bosonic
theory. We verify that in the large momentum limit the single-particle state Re´nyi entropy takes a
universal form. We also show that in the limit of large momenta and large momentum difference
the subsystem Schatten distance takes a universal form but it is replaced by a corrected form when
the momentum difference is small. Finally we also comment on the mutual Re´nyi entropy of two
disjoint intervals in the excited states of the two-dimensional free non-compact bosonic theory.
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1 Introduction
The low energy physics of many one-dimensional critical quantum chains in the continuum limit could
be described by two-dimensional (2D) conformal field theories (CFTs) [1]. It is interesting to compare
various quantities in CFTs with those in the corresponding critical quantum chains. One important
quantity is the entanglement entropy, which plays a key role in better understanding of the quantum
many-body systems and the quantum field theories (QFTs) [2–6]. To calculate the entanglement
entropy, one first divides the total system with the density matrix ρ into the subsystem A and its
complement B, and then traces out the degrees of freedom of B, to get the reduced density matrix
(RDM) ρA = trBρ. Then the entanglement entropy is just the von Neumann entropy
SA = −trA(ρA log ρA). (1.1)
The entanglement entropy is often calculated as the n→ 1 limit of the Re´nyi entropy
S
(n)
A = −
1
n− 1 log trAρ
n
A, (1.2)
where n can be any positive real number. The entanglement entropy and in general the Re´nyi entropy of
one single interval in the ground state of various 2D CFTs and quantum chains have been investigated
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in full detail in the last three decades [7–26]. There are also many studies regarding multi-interval
entanglement entropy and Re´nyi entropy in the ground state [27–46]. Finally for the study of single-
interval entanglement of the excited states in QFTs and quantum chains see [47–63].
In this paper, we investigate the Re´nyi entropy in the excited states produced by the current and
its derivatives in the the 2D free massless non-compact bosonic theory, which is a 2D CFT with central
charge c = 1, and the corresponding quantity in the gapless limit of the harmonic chain. Most of the
previous works were focused on the Re´nyi entropy in the ground state of the 2D free bosonic theory and
the harmonic chain [7–10, 12, 13, 16, 18–20, 23–26, 28, 33, 37, 41, 42]. We note that the Re´nyi entropy of
the low-lying excited states of the 2D free massless compact bosonic theory has been already calculated
and compared with the numerical results coming from the spin-1/2 XX chain in [48,49,56]. The recent
investigations on the excited state Re´nyi entropy of the bosonic theory and harmonic chain were mainly
focused on the gapped regime [57,58,60]. In this paper, we will calculate the second Re´nyi entropy in
the gapless regime of the bosonic theory and harmonic chain. We identify the excited states of current
and its derivatives in the free massless non-compact bosonic theory with the single-particle states in the
gapless harmonic chain. We calculate the second Re´nyi entropy of the single-particle excited states in
the gapless limit of the harmonic chain, using the mini version of the wave function method elaborated
in [57, 58]. We compare the analytical CFT results and the numerical lattice results, and find perfect
matches.
In quantum information theory, it is often important to know quantitatively the difference between
two density matrices, especially for the subsystem RDMs. Consequently the concept has been used and
calculated in different areas. The subsystem distance was used in [64] to characterize the thermalization
of subsystems after a global quench [65–67]. The subsystem distance of the low-lying states in the 2D
free massless fermionic and compact bosonic theories were already calculated recently and compared
with the results coming from the critical Ising chain and XX chain in [68,69]. In [70,71] the subsystem
distance was used to quantify the precision of the approximate entanglement Hamiltonian coming
from the discretization of the Bisognano-Wichmann modular Hamiltonian in critical quantum spin
chains [72,73]. The subsystem distance was also used in [74] to characterize the local operator quench
in 2D CFTs and spin chains [75–77]. Recently, the subsystem distance in the thermal states of the finite
size critical XY chains was investigated in [78]. There are many definitions of the distance between
two states, see for example [79–81]. In this paper we will use the Schatten distance between the RDMs
ρA and σA normalized as
Dn(ρA, σA) =
(trA|ρA − σA|n
2trAρnA,G
)1/n
, (1.3)
where we use the ground state RDM ρA,G to cancel the UV divergence as in [69]. The n = 1 case of the
Schatten distance is the trace distance D(ρA, σA) =
1
2trA|ρA − σA|, which we will not consider in the
current paper. In this paper we will calculate the second Schatten distance between the ground state
and the excited states of the current and its derivatives in the 2D free massless bosonic theory and
compare with the ones between the ground state and the single-particle excited states in the gapless
limit of the harmonic chain.
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The paper is organized as follows: In Section 2 we review the basic properties of the ground state
and the single-particle states and their wave functions in the harmonic chain with the local couplings.
In Section 3 we elaborate the identification of the excited states of the current and its derivatives in the
2D free massless non-compact bosonic theory with the single-particle states in the gapless harmonic
chain. We calculate the second single-interval Re´nyi entropy analytically in the 2D free massless non-
compact bosonic theory and numerically in the gapless limit of the harmonic chain and compare the
results in Section 4. We do the same for the second Schatten distance in Section 5. We consider
the Re´nyi mutual information of two disjoint intervals in Section 6. We conclude with discussions in
Section 7. We collect the CFT results of the Re´nyi entanglement entropy and Schatten distances in
Appendices A and B respectively.
2 Harmonic chain basics: ground and single-particle states
In this section we review the textbook properties of the discrete version of the 2D free massive bosonic
theory, i.e. the harmonic chains with the local couplings, which will help us to fix the notation. We
consider the 2D free non-compact bosonic theory with the Lagrangian density
L = − 1
8pi
(ηµν∂µφ∂νφ+m
2φ2), (2.1)
with the metric ηµν = diag(−1, 1), derivatives ∂µ = (∂t, ∂u), real temporal coordinate t, spatial coor-
dinate u, and the mass (or equivalently gap) m. The Hamiltonian density is
H = 1
8pi
[(∂tφ)
2 + (∂uφ)
2 +m2φ2]. (2.2)
The discrete version of 2D free non-compact boson theory is just the harmonic chain with the local
couplings1
H =
1
2
L∑
j=1
[
p2j +m
2q2j + (qj − qj+1)2
]
. (2.3)
Here we consider L, the size of the full system, an even integer and impose the periodic boundary
condition qL+1 = q1. The operators qj , pj satisfy the canonical commutation relations
[qj1 , qj2 ] = [pj1 , pj2 ] = 0, [qj1 , pj2 ] = iδj1j2 . (2.4)
The model suffers from IR divergence in the gapless limit m→ 0, so we need to keep the gap m general
in the calculations and take the small m limit at the end.
To diagonalize the Hamiltonian, one can make the Fourier transformation
qj =
1√
L
∑
k
e−
2piijk
L ϕk, pj =
1√
L
∑
k
e−
2piijk
L pik, (2.5)
1We note that many of our formulas can be applied without any changes to also more general harmonic chains such as
H =
1
2
L∑
j1,j2=1
(
Mj1j2pj1pj2 +Nj1j2qj1qj2
)
,
with L× L real symmetric coupling matrices M , N .
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with the integer momenta
k = 1− L
2
, · · · ,−1, 0, 1, · · · , L
2
− 1, L
2
. (2.6)
The Hamiltonian becomes
H =
1
2
∑
k
(pi†kpik + ε
2
kϕ
†
kϕk), (2.7)
with the spectrum
εk =
√
m2 + 4 sin2
pik
L
. (2.8)
Note that ϕ†k = ϕ−k, pi
†
k = pi−k. One can then define the ladder operators
bk =
√
εk
2
(
ϕk +
i
εk
pik
)
, b†k =
√
εk
2
(
ϕ†k −
i
εk
pi†k
)
, (2.9)
satisfying
[bk1 , bk2 ] = [b
†
k1
, b†k2 ] = 0, [bk1 , b
†
k2
] = δk1k2 . (2.10)
The Hamiltonian becomes
H =
∑
k
εk
(
b†kbk +
1
2
)
. (2.11)
The ground state |G〉 is annihilated by all the lowering operators
bk|G〉 = 0, k = 1− L
2
, · · · , L
2
. (2.12)
The ground state wave function in the coordinate basis is
〈Q|G〉 =
(
det
W
pi
)1/4
e−
1
2
QTWQ, (2.13)
where the coordinates Q = (q1, · · · , qL) and the L× L real symmetric matrix
Wj1j2 =
1
L
∑
k
εk cos
2pik(j1 − j2)
L
. (2.14)
The inverse matrix can be also calculated easily as
W−1j1j2 =
1
L
∑
k
1
εk
cos
2pik(j1 − j2)
L
. (2.15)
The density matrix of the total system is
〈Q|ρG|Q′〉 =
√
det
W
pi
e−
1
2
QTWQ− 1
2
Q′TWQ′ . (2.16)
The energy eigenstates can be obtained by applying the raising operators on the ground state. In
this paper we only consider the states with the excitation of only one quasiparticle
|k〉 = b†k|G〉, (2.17)
which we call the single-particle states. The wave function of the single-particle state |k〉 is
〈Q|k〉 = 〈Q|G〉QT vk, (2.18)
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with the ground state wave function (2.13) and the vector components
[vk]j =
√
2εk
L
e−
2piijk
L , j = 1, 2, · · · , L. (2.19)
One can easily check that these states are already in orthonormal basis. Finally the density matrix of
the total system for the the single-particle state is
〈Q|ρk|Q′〉 = 〈Q|ρG|Q′〉QTVkQ′, (2.20)
where 〈Q|ρG|Q′〉 is the ground state density matrix (2.16) and Vk = vkv†k is an L×L hermitian matrix.
3 Identification of CFT and harmonic chain states
In this section, we elaborate the identification of the excited states of current and its derivatives in
the 2D free massless non-compact bosonic theory with the single-particle excited states in the gapless
harmonic chain. The 2D free massless non-compact bosonic theory, which is a 2D CFT with the central
charge c = 1, is the continuum limit of the gapless harmonic chain with the local couplings (2.3). We
follow mainly [74], however one can also see [82–86] for more rigorous identifications of the states and
operators in the 2D CFTs and critical lattices. One can consult [87, 88] for the basics of the 2D free
massless bosonic theory.
We consider the 2D free massless non-compact bosonic theory on a cylinder with complex coordi-
nates
w = u− iτ = u+ t, w¯ = u+ iτ = u− t. (3.1)
Note that u is the spatial coordinate, τ is the Euclidean time, and t is the real time. In the spatial
direction we have u ' u + L. The scalar field φ can be written as a sum of the holomorphic and
anti-holomorphic parts
φ(u, t) = ϕ(u+ t) + ϕ¯(u− t). (3.2)
Then the current operators are
J(w) = i∂ϕ(w), J¯(w¯) = i∂¯ϕ¯(w¯), (3.3)
which are primary operators with conformal weights (1,0) and (0,1) respectively. At fixed time t = 0,
we have
i∂uφ(u, 0) = J(u) + J¯(u). (3.4)
The cylinder with coordinate w can be mapped to a plane with coordinate z by the transformation
z = e
2piiw
L . (3.5)
The current operator transforms as
J(w) =
∂z
∂w
J(z). (3.6)
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On the plane there is mode expansion
J(z) =
∑
k∈Z
Jk
zk+1
. (3.7)
Note that
Jk|G〉 = 0, k > −1. (3.8)
At t = 0 we get the current operator applied on the ground state on the cylinder
J(u)|G〉 = 2pii
L
+∞∑
k=1
e
2piiku
L J−k|G〉. (3.9)
Similarly, we get
J¯(u)|G〉 = −2pii
L
+∞∑
k=1
e−
2piiku
L J¯−k|G〉. (3.10)
Finally, we obtain
i∂uφ(u, 0)|G〉 = 2pii
L
+∞∑
k=1
(
e
2piiku
L J−k|G〉 − e−
2piiku
L J¯−k|G〉
)
. (3.11)
Note that for k > 0
J−k|G〉 = ∂
k−1J(0)
(k − 1)! |G〉, (3.12)
and it is normalized as 〈G|JkJ−k|G〉 = k. Similar formula is valid for the state J¯−k|G〉.
There is a simple correspondence between 2D free massless non-compact bosonic theory and the
gapless harmonic chain
φ(u, 0) ↔
√
4piqj ,
i∂uφ(u, 0) ↔ i
√
4pi(qj+1 − qj). (3.13)
We take the gapless limit m → 0 and continuum limit L → +∞ of the lattice and only consider the
low-lying excited states, and this allows us to write
sin
pik
L
→ pik
L
. (3.14)
In the harmonic chain we get
i
√
4pi(qj+1 − qj)|G〉 = −2pi
L
+∞∑
k=1
(
e
2piik(j+1/2)
L
√
k|k〉 − e− 2piik(j+1/2)L
√
k|−k〉
)
. (3.15)
Note that |k〉 = b†k|G〉, |−k〉 = b†−k|G〉. Here we do not care about the overall normalizations or the
phases of the states. Comparing the CFT and lattice expressions (3.11) and (3.15), we identify the
states in the 2D free massless bosonic theory and the gapless harmonic chain and with k > 0
J−k√
k
|G〉 = ∂
k−1J(0)√
k!(k − 1)! |G〉 ↔ |k〉,
J¯−k√
k
|G〉 = ∂¯
k−1J¯(0)√
k!(k − 1)! |G〉 ↔ |−k〉. (3.16)
In summary, we have shown that the excited states of current and its derivatives in the 2D free massless
non-compact bosonic theory are the same as the single-particle states in the scaling limit of the gapless
harmonic chain.
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4 Re´nyi entropy
In this section we consider the Re´nyi entropy of a single interval A of length ` on a circle of length L.
It is convenient to define the ratio x = `L . We first calculate the Re´nyi entropy analytically in the 2D
free massless non-compact bosonic theory and numerically in the harmonic chain, and then compare
the two results.
4.1 Massless bosonic theory
In the 2D free massless non-compact bosonic theory we first consider the Re´nyi entropy of an interval
A = [0, `] on a circle of length L in the ground state. In a 2D CFT with central charge c = 1, one
expects the universal Re´nyi entropy [10,19,24]
S
(n)
A,G =
n+ 1
6n
log
(L
pi
sin
pi`
L
)
+ cn, (4.1)
with non-universal constant cn. However, the Re´nyi entropy suffers from IR divergence in the massless
limit m→ 0, and the single-interval Re´nyi entropy on an infinite line is [22,23]
S
(n)
A,G =
n+ 1
6n
log `+
1
2
log log
1
m`
+ c′n. (4.2)
We expect a similar form for the single-interval Re´nyi entropy on a circle, i.e. the sum of the universal
CFT term, the IR divergent term, and the constant term. By guessing and numerical fitting in the
next subsection we get the second Re´nyi entropy of a length ` interval on a length L circle in the
massless limit of the 2D free non-compact bosonic theory2
S
(2)
A,G =
1
4
log
(L
pi
sin
pi`
L
)
+
1
2
log
1
mL
+ s2. (4.3)
The constant s2 is independent of m, L, ` in the massless and continuum limit.
As we showed in Section 3, there is a one-to-one correspondence between the states in the 2D free
massless bosonic theory with the single-particle excited states in the gapless harmonic chain with as
(3.16) with k > 0. In the massless bosonic theory, for r = 0, 1, · · · we construct the density matrices
of the total system
ρ∂rJ =
1
r!(r + 1)!
∂rJ(0)|G〉〈G|∂rJ(∞),
ρ∂¯rJ¯ =
1
r!(r + 1)!
∂¯rJ¯(0)|G〉〈G|∂¯rJ¯(∞), (4.4)
from which we construct the RDMs ρA,∂rJ , ρA,∂¯rJ¯ .
As [48, 49], we use F (n)A,X to denote the difference between the Re´nyi entropy S(n)A,X in the excited
state |X〉 and the ground state Re´nyi entropy S(n)A,G as
S
(n)
A,X = S
(n)
A,G −
1
n− 1 logF
(n)
A,X . (4.5)
2In [89] there is a similar result
S
(2)
A,G =
1
4
log
(L
pi
sin
pi`
L
)
+
1
2
log
1
m`
+ s′2,
where the “constant” s′2 = s2 +
1
2
log `
L
would actually depend on the ratio x = `
L
.
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More explicitly, we have
F (n)A,X =
trAρ
n
A,X
trAρnA,G
. (4.6)
Following [48,49,56], especially [56], we write the second single-interval Re´nyi entropy on a cylinder as
a two-point function on a two-fold plane
F (2)A,∂rJ =
1
[r!(r + 1)!]2
〈∂rJ(01)∂rJ(∞1)∂rJ(02)∂rJ(∞2)〉C2 ,
F (2)
A,∂¯rJ¯
=
1
[r!(r + 1)!]2
〈∂¯rJ¯(01)∂¯rJ¯(∞1)∂¯rJ¯(02)∂¯rJ¯(∞2)〉C2 . (4.7)
The subscripts 1, 2 of the coordinates 01,∞1, 02,∞2 are the replica indices. On each replica of two-fold
plane there are two operators inserted, one at the origin and another at the infinity. The two replicas
are connected along the cut [e−pii`/L, epii`/L]. The two-fold plane with coordinate z can be mapped to
a plane with coordinate ζ through the conformal transformation
ζ(z) =
(e−pii`/Lz − 1
z − e−pii`/L
)1/2
. (4.8)
Evaluating the four-point function on the plane, we get the excited state Re´nyi entropy in the CFT.
Explicitly, with x = `L we obtain
F (2)A,J =
1
128
[99 + 28 cos(2pix) + cos(4pix)], (4.9)
which has been derived in [48, 49, 51, 54]. We also obtain new higher level results that are shown in
Appendix A. It is easy to see F (2)A,∂rJ = F (2)A,∂¯rJ¯ in CFT, parallel to F
(2)
A,k = F (2)A,−k in the harmonic chain.
In the left panel of Fig. 1, we plot the CFT results F (2)A,∂rJ with r = 0, 1, · · · , 8, and it indicates
that F (2)A,∂rJ approaches to a r-independent function in the r → +∞ limit
lim
r→+∞F
(2)
A,∂rJ = 1− 2x+ 2x2. (4.10)
This is just the universal Re´nyi entropy studied in [57, 58, 60, 61]. One can write the CFT result (4.9)
and the ones in Appendix A as
F (2)A,∂rJ =
4(r+1)∑
s=1
fr,s cos(2pisx). (4.11)
On the other hand one can also write the r → +∞ conjecture (4.10) in Fourier series as
1− 2x+ 2x2 = 2
3
+
2
pi2
+∞∑
s=1
cos(2pisx)
s2
. (4.12)
We compare the Fourier coefficients in (4.11) and (4.12) in the right panel of Fig. 1, and find good
matches in the large r limit. It would be interesting to calculate the conjecture (4.10) explicitly in
CFT.
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Figure 1: The single-interval Re´nyi entropy of the excited sates of the current and its derivatives in the
2D free massless bosonic theory (left) and the coefficients (4.11) in the Fourier expansion (right). The
dashed lines in the right panel are the Fourier coefficients (4.12) for the conjectured result at r = +∞
(4.10). We verify (4.10).
4.2 Harmonic chain
The single-interval ground state Re´nyi entropy in the harmonic chains has been calculated in [7–9,12,
13, 16, 18, 20, 22, 23, 25, 26] and one can calculate excited state Re´nyi entropy using the wave function
method discussed further in [57, 58]. In this subsection we elaborate on how to calculate the second
Re´nyi entropy in the ground and excited state using the mini version of the wave function method
which will lead to relatively compact formulas.
We choose the subsystem A = [1, `] and its complement B = [` + 1, L], and decompose the coor-
dinates Q = (QA, QB) with QA = (q1, · · · , q`) and QB = (q`+1, · · · , qL) respectively. Correspondingly,
we decompose the matrices W and Vk defined in Section 2 as
W =
( A B
C D
)
, Vk =
( Ek Fk
Gk Hk
)
. (4.13)
The matrix W is real symmetric, consequently the matrices A and D are also real symmetric, B and
C are real, and BT = C. The matrix Vk is hermitian, and as a result Ek and Hk are hermitian and
G†k = Fk.
By integrating out the degrees of freedom of B, i.e. the coordinates QB, we get the RDM of the
subsystem A
〈QA|ρA|Q′A〉 =
∫
DQB〈QA, QB|ρ|Q′A, QB〉. (4.14)
For the ground state density matrix (2.16) we get the RDM [7]
〈QA|ρA,G|Q′A〉 =
√
det
A˜
pi
e−
1
2
QTAAQA− 12Q′TA AQ′A+ 14 (QA+Q′A)TBD−1C(QA+Q′A), (4.15)
where we have defined
A˜ = A−BD−1C. (4.16)
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For the excited state density matrix (2.20) we get
〈QA|ρA,k|Q′A〉 = 〈QA|ρA,G|Q′A〉
[1
2
tr(HkD
−1) +QTAEkQ
′
A −
1
2
(QA +Q
′
A)
TBD−1GkQ′A (4.17)
− 1
2
QTAFkD
−1C(QA +Q′A) +
1
4
(QA +Q
′
A)
TBD−1HkD−1C(QA +Q′A)
]
.
Following [12,26], one can also writes the RDMs in the operator form as follows:
ρA,G = 2
`
√
det[A(BD−1C)−1 − 1]e− 12QTAA˜QAe−PTA (BD−1C)−1PAe− 12QTAA˜QA , (4.18)
ρA,k =
1
2
tr(HkD
−1)ρA,G−1
2
QTAFˆkD
−1CQAρA,G−1
2
ρA,GQ
T
ABD
−1GˆkQA+
∑`
j1,j2=1
[Eˆk]j1j2 [QA]j1ρA,G[QA]j2 ,
(4.19)
where we have defined the matrices
Fˆk = Fk − 1
2
BD−1Hk, Gˆk = Gk − 1
2
HkD
−1C,
Eˆk = Ek − 1
2
BD−1Gk − 1
2
FkD
−1C +
1
2
BD−1HkD−1C. (4.20)
Note thatQA, PA in (4.18) and (4.19) are understood as operators QˆA = (qˆ1, · · · , qˆ`), PˆA = (pˆ1, · · · , pˆ`),
and the orders of the terms are important.
To calculate the second Re´nyi entropy, we need to calculate the moments of the RDM
trAρ
2
A =
∫
DQADQ
′
A〈QA|ρA|Q′A〉〈Q′A|ρA|QA〉. (4.21)
For the ground state RDM (4.15) we get
trAρ
2
A,G =
√
det A˜
detA
, (4.22)
and for the excited state RDM (4.17) we get
trAρ
2
A,k
trAρ2A,G
=
1
8
tr[(ReE˜k)A˜
−1(ReE˜k)A˜−1] +
1
8
tr[(ReEk)A
−1(ReEk)A−1]
− 1
4
tr[Im(E˜′k)A
−1Im(E˜′′k )A˜
−1] +X2k , (4.23)
where we have defined
E˜k = Ek −BD−1Gk − FkD−1C +BD−1HkD−1C,
E˜′k = Ek −BD−1Gk, E˜′′k = Ek − FkD−1C,
Xk =
1
4
tr(E˜kA˜
−1)− 1
4
tr(EkA
−1) +
1
2
tr(HkD
−1). (4.24)
According to [57,58,60,61] there must be a universal form in the large momentum limit
lim
|k|→+∞
F (2)A,k = x2 + (1− x)2, (4.25)
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which should be valid even for a very small gap m. In CFT, it is just (4.10). Note that for the universal
Re´nyi entropy to be valid, one also needs to impose the continuum limit L→ +∞ and `→ +∞ with
fixed x = `L . This has been checked extensively in [57,58], and we will not repeat it here.
We check the constant term s2 in (4.3) in Fig. 2. We read easily in the figure that the constant
s2 ≈ 0.134. We compare the single-particle excited state Re´nyi entropies in lattice and CFT in Fig. 3.
We see that there are perfect matches of the lattice and CFT results in the massless limit
lim
m→0
F (2)A,k = F (2)A,∂k−1J , k = 1, 2, · · · . (4.26)
As expected, in each of the excited state Re´nyi entropy in the harmonic chain there is the same IR
divergent term 12 log
1
mL , i.e. that in the ground state Re´nyi entropy (4.3).



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(a) L=64, ℓ=16
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(b) m=10-10, ℓ=16 

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(c) m=10-10, L=64
Figure 2: The constant term of the single-interval ground state second Re´nyi entropy (4.3) is indepen-
dent of m, L, ` in the massless and continuum limit of the harmonic chain. We read the approximate
value s2 ≈ 0.134.
5 Schatten distance
We consider the Schatten distance between the RDMs of the excited states of the current and its
derivatives in the 2D free massless non-compact bosonic theory. We also calculate the Schatten distance
between the single-interval RDMs of the ground state and the single-particle states in the gapless limit
of the harmonic chain. We find a universal from of the distance in the limit of both large momenta
and large momentum difference and a corrected from of the distance when there is only the limit of
large momentum difference.
5.1 Massless bosonic theory
To calculate the second Schatten distance in 2D free massless bosonic theory, besides (4.7), we need
the four-point functions on the two-fold plane
trA(ρA,∂rJρA,∂sJ)
trAρ2A,G
=
1
r!s!(r + 1)!(s+ 1)!
〈∂rJ(01)∂rJ(∞1)∂sJ(02)∂sJ(∞2)〉C2 ,
trA(ρA,∂¯rJ¯ρA,∂¯sJ¯)
trAρ2A,G
=
1
r!s!(r + 1)!(s+ 1)!
〈∂¯rJ¯(01)∂¯rJ¯(∞1)∂¯sJ¯(02)∂¯sJ¯(∞2)〉C2 ,
trA(ρA,∂rJρA,∂¯sJ¯)
trAρ2A,G
=
1
r!s!(r + 1)!(s+ 1)!
〈∂rJ(01)∂rJ(∞1)∂¯sJ¯(02)∂¯sJ¯(∞2)〉C2 . (5.1)
12
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲
▲▲▲




▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
▼▼▼▼▼
▼▼▼▼
▼▼▼▼▼
▼▼▼▼▼▼▼
◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼
◼◼◼◼◼
◼◼◼◼
◼◼◼◼
◼◼◼◼◼◼
◼◼◼★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★
★★★★★
★★★★
★★★★
★★★★★★
★★★▲ m=1 m=10-1▼ m=10-2◼ m=10-3★ m=10-4
CFT
0.0 0.2 0.4 0.6 0.8 1.0
0.5
0.6
0.7
0.8
0.9
1.0
x
ℱ A,12
(a)
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲
▲▲▲




▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
▼▼▼▼
▼▼▼▼
▼▼▼
▼▼▼▼
▼▼▼▼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼
◼◼◼◼
◼◼◼
◼◼◼
◼◼◼
◼◼◼◼◼
◼★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★
★★★★
★★★
★★★
★★★
★★★★★
★▲ m=1 m=10-1▼ m=10-2◼ m=10-3★ m=10-4
CFT
0.0 0.2 0.4 0.6 0.8 1.0
0.5
0.6
0.7
0.8
0.9
1.0
x
ℱ A,22
(b)
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲
▲▲▲




▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
▼▼▼▼▼
▼▼▼▼
▼▼▼
▼▼▼
▼▼▼▼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼
◼◼◼◼◼
◼◼◼
◼◼◼
◼◼◼
◼◼◼◼
◼★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★
★★★★★
★★★
★★★
★★★
★★★★
★▲ m=1 m=10-1▼ m=10-2◼ m=10-3★ m=10-4
CFT
0.0 0.2 0.4 0.6 0.8 1.0
0.5
0.6
0.7
0.8
0.9
1.0
x
ℱ A,32
(c)
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲
▲▲▲




▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
▼▼▼▼▼▼
▼▼▼▼
▼▼▼
▼▼▼
▼▼▼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼
◼◼◼◼◼◼
◼◼◼◼
◼◼◼
◼◼◼
◼◼◼★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★
★★★★★★
★★★★
★★★
★★★
★★★▲ m=1 m=10-1▼ m=10-2◼ m=10-3★ m=10-4
CFT
0.0 0.2 0.4 0.6 0.8 1.0
0.5
0.6
0.7
0.8
0.9
1.0
x
ℱ A,42
(d)
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲
▲▲▲




▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
▼▼▼▼▼
▼▼▼▼▼
▼▼▼
▼▼▼
▼▼▼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼
◼◼◼◼◼
◼◼◼◼◼
◼◼◼
◼◼◼
◼◼◼★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★
★★★★★
★★★★★
★★★
★★★
★★★▲ m=1 m=10-1▼ m=10-2◼ m=10-3★ m=10-4
CFT
0.0 0.2 0.4 0.6 0.8 1.0
0.5
0.6
0.7
0.8
0.9
1.0
x
ℱ A,52
(e)
▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲▲
▲▲▲▲▲
▲▲▲▲
▲▲▲▲
▲▲▲
▲▲▲




▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼▼
▼▼▼▼▼
▼▼▼▼▼
▼▼▼
▼▼▼
▼▼▼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼◼
◼◼◼◼◼
◼◼◼◼◼
◼◼◼
◼◼◼
◼◼◼★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★
★★★★★
★★★★★
★★★
★★★
★★★▲ m=1 m=10-1▼ m=10-2◼ m=10-3★ m=10-4
CFT
0.0 0.2 0.4 0.6 0.8 1.0
0.5
0.6
0.7
0.8
0.9
1.0
x
ℱ A,62
(f)
Figure 3: The excited state single-interval Re´nyi entropies of the the harmonic chain (symbols) and
the 2D free massless bosonic theory (lines). There are perfect matches in the gapless limit m → 0
(4.26). We have set L = 64.
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Note that we have the factorization
〈∂rJ(01)∂rJ(∞1)∂¯sJ¯(02)∂¯sJ¯(∞2)〉C2 = 〈∂rJ(01)∂rJ(∞1)〉C2〈∂¯sJ¯(02)∂¯sJ¯(∞2)〉C2 . (5.2)
We finally get
D2(ρA,G, ρA,J)
2 =
1
256
[99− 128 cos(pix) + 28 cos(2pix) + cos(4pix)], (5.3)
which has been calculated in [69], as well as the new results that we collect in Appendix B. It is easy
to see in CFT we have
D2(ρA,G, ρA,∂rJ) = D2(ρA,G, ρA,∂¯rJ¯),
D2(ρA,∂rJ , ρA,∂sJ) = D2(ρA,∂¯rJ¯ , ρA,∂¯sJ¯),
D2(ρA,∂rJ , ρA,∂¯sJ¯) = D2(ρA,∂sJ , ρA,∂¯rJ¯), (5.4)
just like on the lattice there are
D2(ρA,G, ρA,k) = D2(ρA,G, ρA,−k),
D2(ρA,k, ρA,l) = D2(ρA,−k, ρA,−l). (5.5)
5.2 Harmonic chain
To calculate the second Schatten distance in the harmonic chain, except the momentum (4.21), we also
need the product
trA(ρAσA) =
∫
DQADQ
′
A〈QA|ρA|Q′A〉〈Q′A|σA|QA〉. (5.6)
After straightforward but lengthy calculation, we obtain
trA(ρA,GρA,k)
trAρ2A,G
= Xk, (5.7)
as well as
trA(ρA,k1ρA,k2)
trAρ2A,G
=
1
8
tr[(ReE˜k1)A˜
−1(ReE˜k2)A˜
−1] +
1
8
tr[(ReEk1)A
−1(ReEk2)A
−1]
− 1
4
tr[Im(E˜′k1)A
−1Im(E˜′′k2)A˜
−1] +Xk1Xk2 , (5.8)
with the definitions (4.16) and (4.24).
We compare the lattice and CFT results in Fig. 4 and find perfect matches
lim
m→0
D2(ρA,G, ρA,k) = D2(ρA,G, ρA,∂k−1J),
lim
m→0
D2(ρA,k1 , ρA,k2) = D2(ρA,∂k1−1J , ρA,∂k2−1J),
lim
m→0
D2(ρA,k1 , ρA,−k2) = D2(ρA,∂k1−1J , ρA,∂¯k2−1J¯), (5.9)
where k, k1, k2 = 1, 2, · · · .
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Figure 4: The second Schatten distances between the ground and excited states in the massless limit
of the harmonic chain (symbols) and the 2D free massless bosonic theory (lines). There are perfect
matches of the numerical lattice and analytical CFT results (5.9). We have set m = 10−5, L = 64.
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We show the numerical results of the second Schatten distance for states with large momenta in
Fig. 5. We find the asymptotic universal behavior
lim
|k|→+∞
D2(ρA,G, ρA,k) = D
univ
2 ,
lim
|k1|→+∞,|k2|→+∞,|k1−k2|→+∞
D2(ρA,k1 , ρA,k2) = D
univ
2 ,
lim
|k1|→+∞,|k2|→+∞
D2(ρA,k1 , ρA,k2) = D
corr
2,k1−k2 , (5.10)
with the universal distance and the corrected result
Duniv2 = x, (5.11)
Dcorr2,k = x
√
1− sin
2(pik`/L)
`2 sin2(pik/L)
. (5.12)
For D2(ρA,G, ρA,k) to take the universal form D
univ
2 , it is enough to consider the large momentum limit
|k| → +∞. For D2(ρA,k1 , ρA,k2) = Duniv2 , we need not only the large momentum limit |k1| → +∞ and
|k2| → +∞, but also the limit of large momentum difference |k1 − k2| → +∞. For D2(ρA,k1 , ρA,k2) =
Dcorr2,k1−k2 , we need only the large momentum limit |k1| → +∞ and |k2| → +∞. We will report the
derivations of the universal distance (5.11) and the corrected result (5.12) in a different but related
circumstances in [90].
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Figure 5: The numerical results of the second Schatten distance between the ground state and the
single-particle states in the massless limit of the harmonic chain (symbols). For comparison, we also
plot the universal distance Duniv2 (5.11) (red lines) and the corrected distance D
corr
2,k (5.12) (green line).
We have set m = 10−5, L = 64.
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6 Re´nyi mutual information
In this section we consider the Re´nyi mutual information of two disjoint intervals with lengths `1 and
`2 and distance d on a circle with length L in the 2D free massless non-compact bosonic theory and
the gapless limit of the harmonic chain. It is convenient to define x1 =
`1
L , x2 =
`2
L , y =
d
L . We verify
the universal IR divergent term in the ground and excited state double-interval Re´nyi entropy.
6.1 Massless bosonic theory
For two intervals A = A1 ∪A2 with A1 = [0, `1] and A2 = [`1 + d, `1 + d+ `2], one could calculate the
Re´nyi entropies S
(2)
A1
, S
(2)
A2
, S
(2)
A1A2
and define the Re´nyi mutual information
I
(2)
A1A2
= S
(2)
A1
+ S
(2)
A2
− S(2)A1A2 . (6.1)
In the ground state of 2D free massless compact bosonic theory on a cylinder with circumference L,
the second Re´nyi mutual information is [28,33,37]
I
(2)
A1A2,G
=
1
4
log
sin pi(`1+d)L sin
pi(`2+d)
L
sin pidL sin
pi(`1+d+`2)
L
+ log
θ3(ητ)θ3(τ/η)
[θ3(τ)]2
, (6.2)
where η is related to the radius of compact boson target space R as η = R
2
2 , the purely imaginary
parameter τ is determined by the cross ratio as
sin pi`1L sin
pi`2
L
sin pi(`1+d)L sin
pi(d+`2)
L
=
[θ2(τ)
θ3(τ)
]4
, (6.3)
and θ2(τ), θ3(τ) are the usual theta functions
θ2(τ) =
∑
r∈Z
epiiτ(r+
1
2
)2 , θ3(τ) =
∑
r∈Z
epiiτr
2
. (6.4)
In the non-compact limit η → +∞, the Re´nyi mutual information becomes
I
(2)
A1A2,G
=
1
4
log
sin pi(`1+d)L sin
pi(`2+d)
L
sin pidL sin
pi(`1+d+`2)
L
+ log
1√−iτ [θ3(τ)]2
+
1
2
log η. (6.5)
On the RHS there are three terms; from left to right: the universal part, the specific part that depends
on the state, and the IR divergent part. The free massless non-compact bosonic theory can be also
viewed as the massless limit of the massive theory, and the Re´nyi mutual information is expected
to also have three parts with the universal and specific parts the same as those in (6.5) and the IR
divergent part dependent on the infinitesimal mass m. In [23], it was argued that the IR divergent
term in the Re´nyi entropy is independent of the number of the intervals. By guessing and considering
the single interval Re´nyi entropy (4.3) we anticipate that
I
(2)
A1A2,G
=
1
4
log
sin pi(`1+d)L sin
pi(`2+d)
L
sin pidL sin
pi(`1+d+`2)
L
+ log
1√−iτ [θ3(τ)]2
+
1
2
log
1
mL
. (6.6)
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In a general state we define the subtracted mutual information
J
(2)
A1A2
= I
(2)
A1A2
− 1
4
log
sin pi(`1+d)L sin
pi(`2+d)
L
sin pidL sin
pi(`1+d+`2)
L
− 1
2
log
1
mL
, (6.7)
which we anticipate is independent of the mass m in the massless limit. For the ground state, it is just
J
(2)
A1A2,G
= log
1√−iτ [θ3(τ)]2
. (6.8)
6.2 Harmonic chain
The multi-interval Re´nyi entropy in the harmonic chain has been already considered for the ground
state [41, 42] and the excited states [60]. The wave function method can be easily adapted to the
multi-interval case by just relabeling the sites on the chain [60]. We choose two disjoint intervals
A = A1 ∪ A2 with A1 = [1, `1] and A2 = [`1 + d + 1, `1 + d + `2], and calculate the Re´nyi entropy of
A with its complement B. Then we can use (4.22) and (4.23) to calculate the double-interval Re´nyi
entropy S
(2)
A1A2
in the ground state and single-particle excited states, from which we get the Re´nyi
mutual information I
(2)
A1A2
of A1 and A2. According to [57, 58, 60, 61] there is a universal form in the
large momentum limit
lim
|k|→+∞
F (2)A1A2,k = (x1 + x2)2 + (1− x1 − x2)2. (6.9)
This has been checked in [60], and we will not repeat it here.
We check the CFT prediction (6.8) in Fig. 6, where we plot the numerical lattice Re´nyi mutual
information and the analytical result in the continuum limit and the massless limit. In Fig. 7, we
plot the subtracted mutual information in the single-particle excited state in the massless limit of the
harmonic chain. We see that it approaches to a fixed finite result in the massless limit.
7 Conclusion
We have calculated analytically the Re´nyi entropy in the excited states of the current and its derivatives
in the 2D free massless non-compact bosonic theory and the subsystem Schatten distance between these
excited states. We also calculated numerically the same quantities for the single-particle excited states
of the short-range coupled harmonic oscillators in the gapless limit. The lattice numerical results
coming from the excited states of the harmonic chain match perfectly with the analytical CFT results
of the bosonic theory. We have focused on the second Re´nyi entropy and the second Schatten distance in
the single-particle excited states. To calculate the same quantities efficiently for multi-particle excited
states of the harmonic chains one needs to use the full-fledged wave function method as in [57,58], and
in the corresponding CFT one needs to consider higher level descendant states. We hope to come back
to this problem in the future [91].
In the limit of both large momenta and large momentum difference, we found a universal Schatten
distance (5.11) that is independent of the momenta. However, when we consider only the limit of large
momenta but with a small momentum difference, one reaches to a more complicated result (5.12).
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Figure 6: The second Re´nyi mutual information in ground state of the harmonic chain in the continuum
limit and the massless limit. We verify (6.8). Especially, we verify the IR divergent term in the ground
state double-interval Re´nyi entropy (6.6).
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Figure 7: The second Re´nyi mutual information in the single-particle state of massless limit of the
harmonic chain. We verify that the excited state double-interval Re´nyi entropy has the same IR
divergent term as that in the ground state.
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We will elaborate the derivations of the universal and corrected Schatten distances elsewhere [90]. In
the limit of large momenta, one expects to be a universal Re´nyi entropy for the quasiparticle excited
states [57, 58, 60, 61], and we have verified this for the single-particle excited states in the massless
limit of the harmonic chain. However, in the multi-particle excited states there exist corrections to the
universal Re´nyi entropy when the momentum differences are small, as we will report in [92].
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A Results of Re´nyi entropy in CFT
In this appendix, we collect the results of the Re´nyi entropy of the excited states of the current and its
derivatives in the 2D free massless bosonic theory that are omitted in Section 4. We obtain the results
the results F (2)A,∂rJ with r = 0, 1, · · · , 13. We only show F (2)A,∂rJ with r = 0, 1, · · · , 8 as follows:
F (2)A,J =
1
128
[99 + 28 cos(2pix) + cos(4pix)], (A.1)
F (2)A,∂J =
1
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F (2)
A,∂2J
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B Results of Schatten distance in CFT
In this appendix, we collect the results of the second Schatten entropy between the RDMs of the ground
and excited states of the current and its derivatives in the 2D free massless bosonic theory that are
omitted in Section 5. We get
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